We present controlled numerical results for the ground state spectral function of the resonant Fermi polaron in three dimensions. We establish the existence of a "dark continuum"-a region of anomalously low spectral weight between the narrow polaron peak and the rest of the spectral continuum. The dark continuum develops when the s-wave scattering length is of the order of the inverse Fermi wavevector, a 1/kF, i.e. in the absence of a small interaction-related parameter when the spectral weight is not expected to feature a near-perfect gap structure after the polaron peak.
We present controlled numerical results for the ground state spectral function of the resonant Fermi polaron in three dimensions. We establish the existence of a "dark continuum"-a region of anomalously low spectral weight between the narrow polaron peak and the rest of the spectral continuum. The dark continuum develops when the s-wave scattering length is of the order of the inverse Fermi wavevector, a 1/kF, i.e. in the absence of a small interaction-related parameter when the spectral weight is not expected to feature a near-perfect gap structure after the polaron peak. Ultracold atomic fermions are a versatile and powerful tool to study quantum phenomena in many-body systems. Excellent experimental control and tunability of fermionic mixtures not only provide insight into the physics of such complex systems as electrons in materials or nuclear matter, but also enable a direct realization of fundamental quantum mechanical models. The key observation here is that short-range pairwise interactions near a broad Feshbach resonance [1] are universally characterized by a single dimensionless parameter k F a, where k F is the Fermi wavevector and a the s-wave scattering length, with k F a = ∞ corresponding to the so-called unitary limit.
An important system realized in this way is the resonant Fermi polaron-a spin-down fermion (impurity) in a sea of spin-up fermions [2, 3] (here we consider three dimensions and equal mass m). As a limiting case, it is central for understanding the properties of strongly imbalanced Fermi mixtures. It is also the archetypal example of the dynamic impurity problem featuring strong renormalization of quasiparticle parameters, including changes of fundamental quantum numbers and statistics. At low temperature used in ultracold atom experiments the spinup subsystem can be regarded as non-interacting, while the impurity gets dressed with particle-hole excitations from the Fermi sea. For sufficiently strong interactions, k F a ≤ (k F a) c = 1.11 (2) [4] [5] [6] [7] [8] , a molecular bound state forms between the impurity and one spin-up fermion from the environment.
Most theoretical studies of the Fermi polaron concentrate on computing its ground state energy E p , effective mass, and quasiparticle residue Z (modulus square of the overlap between the non-interacting and exact ground state wavefunctions) [4, 5, [9] [10] [11] [12] [13] [14] [15] [16] . Experiments, on the other hand, probe the spectral function using radiofrequency (rf) and photoemission spectroscopy [17] [18] [19] [20] . The quantities of interest are then extracted from the measured spectrum; for instance, E p and Z are given by the frequency and spectral weight of the lowest-frequency sharp peak [17] . So far experiments have not yet resolved all the details of the polaron spectral function.
Approximate calculations of the polaron spectral function [21] [22] [23] [24] , which lack control in the absence of a small parameter, report an interval of low spectral weight immediately after the polaron peak, if k F a 1. Since, kinematically, there is no restriction on the energy of excited states, the suppressed spectral weight can only be due to anomalously small matrix elements. This is highly surprising given that the quasiparticle residue remains large at k F a 1. Only deep in the molecule regime (k F a ≪ 1) would a near-perfect spectral gap emerge naturally.
In this Rapid Communication, we present controlled diagrammatic Monte Carlo (DiagMC) results for the polaron Green's function, G ↓ , and its spectral density, A ↓ , at zero momentum, see Eq. (2). The latter is obtained by the method of Stochastic Optimization with Consistent Constraints (SOCC) [25] . We take particular care to establish what features of the spectrum can be recovered reliably and what information is inaccessible. Our results show that the interval of anomalously low spectral weight ("dark continuum") is indeed an unusual physical property of the spectrum.
The simplest effective Hamiltonian of the system reads ( = 1) [3] :
We use standard notation for fermionic creation and annihilation operators at momentum k and spin σ. The kinetic energy is ǫ kσ = k 2 /2m − µ σ , where
F /2m at zero temperature, and µ ↓ < −ε F is an auxiliary control parameter. In what follows we use ε F as the unit of energy. The resonant regime corresponds to the zero-range limit, when the (vanishing) attractive coupling g 0 together with the (diverging) ultraviolet cutoff result in a constant value of the s-wave scattering length a via an appropriate regularization [26] . Diagrammatically, this limit is reached by replacing bare interaction vertices with resonant T-matrix propagators, which are based on the sum of ladder diagrams. The resulting diagrammatic series is then sampled with DiagMC [4, 5] .
For polaron problems formulated in imaginary time τ the diagrammatic series converge at any fixed τ due to the explicit time ordering of interaction vertices, which leads to the τ 2n /(2n)! scaling for the contribution of an individual diagram of order n, where n is the number of interaction propagators in a diagram. This scaling overcomes the factorial growth in the number of diagrams. Series convergence is further accelerated by the fact that diagrams have different sign, which leads to strong cancellations of high-order diagrams and reduces their combined contribution [27] . Nevertheless, computational complexity does not allow us to sample arbitrarily high orders, and for a controlled solution a systematic extrapolation to the infinite diagram-order limit is necessary. Here we use Abelian resummation that has already been successfully applied to the polaron problem [15] . The resulting relative error of the polaron Green's function is O(10 −9 − 10 −7 ) at τ close to zero, O(10 −4 − 10 −3 ) around τ = 1/ε F , and a few percent at the largest τ considered.
The relation between
Hτ c k↓ e −Hτ and the average is over the ground state of the system, and A ↓ (k, ω) is standard for linear response theory,
The polaron ground state energy, E p , and Z-factor control the asymptotic imaginary-time decay of the impurity Green's function at zero momentum,
This implies that the spectral function starts with a sharp peak, Zδ(ω + µ ↓ − E p ). Deep in the weak-polaron regime k F a ≫ (k F a) c the Z-factor approaches unity, meaning that the spectral weight is nearly exhausted by the ground state peak. The particle-hole continuum emerges at higher frequencies and carries the rest of the spectral weight. As there is no kinematic restriction on the allowed energy of excited states, the continuous spectrum starts right after E p − µ ↓ . Its functional form right after the polaron peak is expected to be quadratic in frequency [17] (starting at zero spectral density) with a gradual accumulation of the spectral weight towards higher frequencies. The SOCC method, described in detail in Ref. [25] , produces a smooth solution for the spectrum. But it also 
Spectral function in the polaron regime, using an explicit δ-function ansatz for the ground state peak. As expected, for kFa ≫ (kFa)c the continuous spectrum starts right after the peak, with vanishing spectral density on the approach to the peak, consistent with a vanishing density of states. At sufficiently small kFa, the smoothest possible solution (red solid lines) for the continuous spectrum is a broad peak with a preceding plateau. Within the accuracy of the input data, this structure can be split into two separate peaks (blue dashed lines). The arrow indicates the highest frequency after which the spectrum is incompatible with zero.
allows one to apply additional constraints to explore to what degree the spectrum A ↓ (0, ω) can be altered without compromising the accuracy of the DiagMC data for G ↓ (0, τ ). Our philosophy is that the analysis of potential spectral features hidden in the smooth solution is as important as the solution itself. If a feature cannot be changed through additional constraints, the solution is considered robust and its error bars are justified. Otherwise, the feature cannot be reliably resolved. Figures 1 and 2 show our results for the spectral function in the molecule and polaron regimes, respectively. For all the studied values of k F a, we observe asymptotic exponential decay of the impurity Green's function with Z-factors gradually decreasing as one moves deeper into the molecule regime. This means that the polaron remains a well-defined quasiparticle even well below the transition point. At (k F a) ≥ (k F a) c , when the polaron is a stable quasiparticle, we use the SOCC protocol with a δ-function ansatz for the polaron peak. At (k F a) < (k F a) c , we make no ansatz for the polaron peak, which then acquires a finite width and height determined by the frequency resolution. As k F a is decreased, the polaron peak moves to lower and lower negative energies, while the bulk of the continuous spectrum only slightly shifts down on the ω + µ ↓ ∈ (0, 1) interval, and a gaplike region of anomalously low spectral weight develops in between.
The positive energy peak on the molecule side, see Fig. 1 , is usually interpreted in the context of the repulsive polaron state [18, [20] [21] [22] [23] [24] 28] . It is extremely desirable to resolve the width of the peak, as the latter can only be associated with a well-defined quasiparticle if the width is much smaller than the characteristic energy scale ε F . Unfortunately, the accuracy of our input data is not sufficient to achieve this goal. While the maximally smooth solution indicates a broad peak with width ∼ ε F , the data for k F a < 1.1 are consistent also with a much narrower solution. The latter can be found by applying an additional "pulling" constraint, which forces the solution to go up (or down) at any specified point, while remaining as structureless as possible otherwise [25] . Experimental measurements [20] show that the positive frequency excitation is indeed long-lived in the molecule regime and even on the approach to unitarity. This implies a narrow peak, which was, however, not seen explicitly in the measured spectral response, apparently due to collisional broadening. The measured energies of the second peak agree within error bars with our results for the pulled narrow spectrum, see Fig. 3 .
On the polaron side the picture is radically different, see Fig. 2 . On the approach to the transition point, the broad continuous spectrum (the solution obtained under the constraint of maximal smoothness) develops a shoulder preceding the second peak. SOCC analysis reveals that this shoulder could also correspond to a distinct peak. For (k F a) ≤ 1.5 the broad second peak can po- tentially be split into two separate peaks by applying an appropriate pulling constraint. The first of these two peaks is small and, within the limits of our resolution, disappears for k F a < 1.1. A potential double-peak structure in the polaron regime was not seen or resolved in the experiment of Ref. [20] . With the SOCC protocol, we establish that our input data in the polaron regime are incompatible with a scenario where the shoulder or the small intermediate peak are absent, as opposed to the situation at k F a < 1.1. The highest frequency after which the spectrum must be larger than zero is marked by an arrow in the panels of Fig. 2 and plotted in Fig. 3 . This frequency is substantially lower than the position of the major second peak, in contrast to what we see on the molecule side. Deep in the polaron regime, see the top left panel of Fig. 2 , the spectrum can no longer be split into two clearly distinct peaks. The spectral weight starts accumulating right after the polaron peak, as expected. The region of low spectral weight between the two peaks has been seen in variational calculations [22, 23] and functional Renormalization Group studies [21, 24] . Our calculations confirm that it is indeed a physical effect in the three-dimensional broad-resonance equal-mass case, not an artifact of uncontrolled approximations. The integrated spectral weight of this region remains anomalously low even when a pulling constraint is applied in the SOCC protocol attempting to maximally increase it. This structure can thus be well resolved from the input data and the error bars are controlled.
The "dark" spectral continuum refers to few-body states (containing a polaron or molecule plus a number of particle-hole pairs) that are expected to get excited with substantial probability when the impurity particle is created, but instead remain invisible in the spectral function. In the absence of a small (or large) dimensionless parameter at k F a ∼ 1, an a priori order-of-magnitude estimate of the overall spectral weight associated with this few-body continuum is that of the polaron Z-factor.
With the gradual decrease of the latter, the dark continuum states are not expected to have their integrated spectral weight dramatically smaller than that of the stable or metastable polaron, provided k F a is not small. To quantify the dark continuum, we establish controlled estimates on its integrated spectral weight, see Fig. 4 . We start by determining the positions of the two maxima in the spectral function, E p and E 2 , and the interval ∆E = E 2 − E p . Without a δ-function ansatz, the polaron peak has a finite width due to the frequency-resolution. We characterize its spectral weight as I 1 = Ep−µ ↓ +∆E/4 0 A ↓ (0, ω)dω, which is very close to the value of the Z-factor. The dark continuum region is then defined to extend from E p − µ ↓ + ∆E/4 to the midpoint between the peaks, E p − µ ↓ + ∆E/2. Our choice of intervals is rather arbitrary, but illustrates well the orders of magnitude difference between the spectral integrals of the polaron peak, I 1 ≈ Z, and the dark continuum,
In conclusion, we have presented controlled firstprinciples evidence for an unusual shape of the spectral function of the resonant Fermi polaron. Based on the kinematics of the problem and the absence of small parameters, one would expect to see the following features on the molecular side k F a < (k F a) c : (i) a significant broadening of the polaron peak due to the decay into the molecule state for k F a ≪ (k F a) c ; (ii) the spectral continuum starting directly after the (broadened) polaron peak; (iii) progressive loss of the spectral weight of the polaron peak to the surrounding molecule-hole continuum as k F a decreases. Instead, essentially the opposite happens: the polaron peak stays sharp and contrasts even stronger with the suppressed background. In particular, this means that the spectral function alone is insufficient to determine the molecule transition point.
The accuracy of our numerical data is sufficient to establish the existence of the dark continuum for k F a < (k F a) c . What we cannot reliably resolve is the width and the structure of the higher-frequency part of the spectral function. A substantial increase in the resolution of the numerical spectral analysis would require a reduction of the error bars on the input data by at least an order of magnitude (implying a several orders of magnitude increase of computation time), which is not feasible at present. Experimental measurements of the decay rate reveal a metastable repulsive polaron state with a long lifetime even near unitarity [20] . This suggests a very simple scenario when the spectral density is essentially exhausted by two narrow quasiparticle peaks. The results of Fig. 1 show that this picture is consistent with our data at k F a ≤ 1. However, the results of Fig. 2 clearly indicate that it fails at k F a ≥ 1.1. Here, the higher-frequency part of the spectral function cannot be reduced to a single narrow peak. Even if a peak is present, there should be additional contributions to the spectral density.
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